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Chiral effective field theory for nuclear forces
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power-counting:               
expand in Q/Λ, error estimates!

 3N forces appear naturally

degrees of freedom: 
nucleons and pions

short-range physics 
captured in couplings 
(to be determined)

KH, Phys. Rept. 890, 1 (2021)
KH, Krebs, Epelbaum, Golak, Skibinski,
PRC 91, 025805 (2015)



Chiral effective field theory
nuclear interactions and currents 

nuclear structure and 
reaction observables

Development of nuclear interactions

predictions
validation

optimization
fitting of LECs
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Systematically changing the resolution:                    
the Similarity Renormalization Group
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Overview RG Summary Extras Physics Resolution Forces Filter Coupling

Why is textbook nuclear physics so hard?

VL=0(k , k �) ⇤
�

r2 dr j0(kr) V (r) j0(k �r) = ⌅k |VL=0|k �⇧ =⇥ Vkk � matrix

Momentum units (� = c = 1): typical relative momentum
in large nucleus � 1 fm�1 � 200 MeV but . . .

Repulsive core =⇥ large high-k (� 2 fm�1) components
Dick Furnstahl RG in Nuclear Physics

l̄S

Equation of state of symmetric nuclear matter:
nuclear saturation
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symmetric nuclear matter
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Krishna S. Kumar NSKIN2016: The PREX-I Result

Relativistic Electron Scattering
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Neglecting recoil, form factor F(q) is 
the Fourier transform of charge 

distribution

As Q increases, nuclear 
size modifies formula

and nuclear size

Q2: -(4-momentum)2 
of the virtual photon

€ 

q2 = −4E # E sin2 θ
2

4-momentum transfer

Uniform interior is a clear  
manifestation of nuclear 
saturation, namely the 

existence of an equilibrium 
density   

Nuclear Saturation  
A Hallmark of the Nuclear Dynamics

Batty et. al, 
Karlsruhe (1987)

NN+3N only fitted to 
two- and few-body observables!



Novel efficient many-body perturbation theory framework  
for nuclear matter

Status:
• Implementation of nonlocal NN plus 3N forces up to N3LO complete. 

• Implemented MBPT diagrams up to 4th order for NN interactions.

• Generalized to finite T

Strategy:
Implementation of NN and 3N forces without partial wave decomposition. 

Calculate MBPT diagrams in vector basis

 

using Monte-Carlo techniques. Implementation efficient and very transparent.

Problem: 
Evaluation of MBPT diagrams beyond second order in perturbation theory

becomes complicated and tedious in partial wave representation.

KH, Krebs, Epelbaum, Golak, Skibinski, PRC 91, 025805 (2015)
Entem et al. PRC 96, 024004 (2017)

Keller et al., arXiv:2011.05855 (2020) 

Drischler, KH, Schwenk, PRL 122, 042501(2019)

|12...ni = |k1ms1mt1i ⌦ |k2ms2mt2i ⌦ ...⌦ |knmsnmtni

http://arxiv.org/abs/arXiv:1710.08220
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TABLE I. Contributions to the neutron matter energy due to the diagrams of Fig. 4. Results are given for Fermi momenta kF = 1.3, 1.5,
and 1.7 fm−1 and for different !/!3NF combinations. All energies are in MeV and kF, !/!3NF are in fm−1.

kF !/!3NF Ekin E
(1)
NN E

(1)
3N,full E

(1)
3N,eff E

(2)
1 E

(2)
2 + E

(2)
3 E

(2)
4

1.3 1.8/2.0 21.01 −12.86 0.95 0.94 −0.59 0.01 −0.02
1.3 2.0/2.0 21.01 −12.58 0.95 0.94 −0.78 0.00 −0.02
1.3 2.0/2.5 21.01 −12.58 1.05 1.00 −0.77 −0.01 −0.05
1.3 2.4/2.0 21.01 −12.11 0.95 0.94 −1.10 −0.02 −0.02
1.3 2.8/2.0 21.01 −11.75 0.95 0.94 −1.46 −0.03 −0.02
1.5 1.8/2.0 27.97 −18.62 2.18 2.24 −0.39 0.01 −0.05
1.5 2.0/2.0 27.97 −18.14 2.18 2.24 −0.64 −0.01 −0.05
1.5 2.0/2.5 27.97 −18.14 2.56 2.51 −0.63 −0.04 −0.14
1.5 2.4/2.0 27.97 −17.44 2.18 2.24 −1.16 −0.05 −0.05
1.5 2.8/2.0 27.97 −16.77 2.18 2.24 −1.78 −0.08 −0.05
1.7 1.8/2.0 35.93 −25.50 4.20 4.54 −0.22 0.01 −0.07
1.7 2.0/2.0 35.93 −24.93 4.20 4.54 −0.45 −0.02 −0.08
1.7 2.0/2.5 35.93 −24.93 5.36 5.40 −0.46 −0.06 −0.31
1.7 2.4/2.0 35.93 −23.64 4.20 4.54 −1.11 −0.07 −0.08
1.7 2.8/2.0 35.93 −22.51 4.20 4.54 −2.08 −0.12 −0.09

k = k1 − P/2 determines the argument k̂. As discussed
in Sec. II B, the antisymmetrized two-body interactions in
the first- and second-order terms are given by V (1)

as = (1 −
P12)Vlow k + V 3N/2 and V (2)

as = (1 − P12)Vlow k + V 3N, with
partial waves V

(1)
Sll′J = Vlow k,Sll′J + V 3N,Sll′J /4 and V

(2)
Sll′J =

Vlow k,Sll′J + V 3N,Sll′J /2.
We solve the Dyson equation, Eq. (28), self-consistently by

using the self-energies given by Eqs. (30) and (31). In Fig. 6,
we show the resulting effective mass at the Fermi surface,

m∗(kF)
m

=
(

m

k

dεk

dk

)−1 ∣∣∣∣
k=kF

. (32)

At the Hartree-Fock level, 3N contributions only change the
effective mass marginally. Including second-order contribu-
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FIG. 6. (Color online) Effective mass m∗(kF)/m at the Fermi
surface as a function of Fermi momentum kF in neutron matter.
Results for !/!3NF = 2.0 fm−1 are shown at the Hartree-Fock level,
plus second-order contributions, and based only on NN interactions
for comparison. At second order, the effective mass includes k-mass
and e-mass effects.

tions leads to the typical enhancement of the effective mass at
the Fermi surface, and we find a larger impact of 3N forces for
kF > 1.3 fm−1.

C. Second order: Energy per particle

We include the second-order contributions E
(2)
1 to E

(2)
4 of

Fig. 4, which are given by

E
(2)
NN+3N,eff = 1

4

[
4∏

i=1

Trσi

∫
dki

(2π )3

]
∣∣〈12|V (2)

as |34〉
∣∣2

× nk1nk2 (1 − nk3 )(1 − nk4 )
εk1 + εk2 − εk3 − εk4

(2π )3

× δ(k1 + k2 − k3 − k4). (33)

As in the second-order self-energy, the antisymmetrized two-
body interactions, when evaluating contributions beyond the
Hartree-Fock level, are given by V (2)

as = (1 − P12)Vlow k +
V 3N. The second-order calculations are carried out by using the
self-consistent single-particle energies determined by solving
the Dyson equation, Eq. (28), as discussed in Sec. III B, and
the intermediate-state phase-space integrations are performed
fully. By summing over the spins and by expanding in partial
waves, we have [25]

∑

S,MS,M ′
S

∣∣〈kSMS |V (2)
as |k′SM ′

S〉
∣∣2

=
∑

L

PL(cos θk,k′)
∑

J,l,l′,S

∑

J̃ ,̃l,̃l′

(4π )2i(l−l′+̃l−l̃′)(−1)l̃+l′+L

× CL0
l0̃l′0C

L0
l′0̃l0

√
(2l + 1)(2l′ + 1)(2̃l + 1)(2̃l′ + 1)

× (2J + 1)(2J̃ + 1)
{

l S J

J̃ L l̃′

} {
J S l′

l̃ L J̃

}

×〈k|V (2)
Sl′lJ |k′〉〈k′|V (2)

Sl̃ ′̃lJ̃
|k〉[1 − (−1)l+S+1]

× [1 − (−1)l̃+S+1], (34)
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Example: Second order diagram in MBPT

Partial wave representation:
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FIG. 3. (Color online) Diagonal momentum-space matrix ele-
ments of the density-dependent two-body interaction V 3N for P = 0
in the spin-triplet P -wave channels. Results with !3NF = 2.0 fm−1

are shown versus relative momentum k for different Fermi momenta
kF = 1.0, 1.2, 1.4, and 1.6 fm−1 (which increase in strength). For
kF = 1.6 fm−1, the dotted lines represent the central parts (degenerate
in J ) of V 3N, whereas the dashed lines include the central plus tensor
interactions [without the cn

a terms in Eqs. (16) and (17)].

spin operators with more complex integral functions that can
depend on P but also on the angle of P with respect to k
and k′. Since V 3N has been derived by using MATHEMATICA
for general particle momenta ki , this is directly possible.
One could then explore angle averaging over P̂ or averaging
over the magnitude of P. However, as will be shown in
Sec. III, the P = 0 approximation is reliable for bulk
properties and neutron matter based on chiral low-momentum
interactions is sufficiently perturbative, which justifies using
the noninteracting density to sum over the third particle.

III. RESULTS

We apply the developed density-dependent two-body inter-
action V 3N to calculate the properties of neutron matter in a
loop expansion around the Hartree-Fock energy. These are the
first results for neutron matter based on chiral EFT interac-
tions including N2LO 3N forces. The many-body calculation
follows the strategy of Refs. [7,8,25], but with significant
improvements for the second-order contributions involving
V 3N and with fully self-consistent single-particle energies.

Ekin

VNN

E (1)
NN

V3N

E (1)
3N

VNN

VNN

E (2)
1

VNN

V3N

E (2)
2

V3N

VNN

E (2)
3

V3N

V3N

E (2)
4

V3N

V3N

E (2)
5

FIG. 4. Top row: Diagrams contributing to the Hartree-Fock
energy. These include the kinetic energy Ekin and the first-order NN
and 3N interaction energies E

(1)
NN and E

(1)
3N. Middle and bottom rows:

Second-order contributions to the energy due to NN-NN interactions
E

(2)
1 , NN-3N and 3N-3N interactions, where 3N forces enter as

density-dependent two-body interactions E
(2)
2,3 and E

(2)
4 , respectively,

and the remaining 3N-3N diagram E
(2)
5 .

A. Hartree-Fock and P dependence of V 3N

The contributions to the Hartree-Fock energy are shown
diagrammatically in Fig. 4, and the first-order NN and 3N
interaction energies are given by

E
(1)
NN

V
= 1

2
Trσ1 Trσ2

∫
dk1

(2π )3

∫
dk2

(2π )3

× nk1nk2〈12|(1 − P12)Vlow k|nn|12〉, (24)

E
(1)
3N

V
= 1

6
Trσ1 Trσ2 Trσ3

∫
dk1

(2π )3

∫
dk2

(2π )3

∫
dk3

(2π )3

× nk1nk2nk3f
2
R(p, q)〈123|A123V3N|nnn|123〉, (25)

where V is the volume and we use the shorthand notation i ≡
kiσi in the bra and ket states. The momentum-conserving delta
functions are not included in the NN and 3N matrix elements.
It is evident from Eq. (25) that the correct 3N symmetry factor
is obtained when the antisymmetrized two-body interaction
V (0)

as = (1 − P12)Vlow k + V 3N/3 is used at the Hartree-Fock
level. With the expansion in two-body partial waves, we have

E
(1)
NN + E

(1)
3N

V
= 1

π3

∫
k2dk

∫
P 2dP

∫
d cos θk,P nP/2+k nP/2−k

×
∑

S,l,J

(2J + 1)〈k|V (0)
SllJ |k〉[1 − (−1)l+S+1].

(26)
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TABLE I. Contributions to the neutron matter energy due to the diagrams of Fig. 4. Results are given for Fermi momenta kF = 1.3, 1.5,
and 1.7 fm−1 and for different !/!3NF combinations. All energies are in MeV and kF, !/!3NF are in fm−1.

kF !/!3NF Ekin E
(1)
NN E

(1)
3N,full E

(1)
3N,eff E

(2)
1 E

(2)
2 + E

(2)
3 E

(2)
4

1.3 1.8/2.0 21.01 −12.86 0.95 0.94 −0.59 0.01 −0.02
1.3 2.0/2.0 21.01 −12.58 0.95 0.94 −0.78 0.00 −0.02
1.3 2.0/2.5 21.01 −12.58 1.05 1.00 −0.77 −0.01 −0.05
1.3 2.4/2.0 21.01 −12.11 0.95 0.94 −1.10 −0.02 −0.02
1.3 2.8/2.0 21.01 −11.75 0.95 0.94 −1.46 −0.03 −0.02
1.5 1.8/2.0 27.97 −18.62 2.18 2.24 −0.39 0.01 −0.05
1.5 2.0/2.0 27.97 −18.14 2.18 2.24 −0.64 −0.01 −0.05
1.5 2.0/2.5 27.97 −18.14 2.56 2.51 −0.63 −0.04 −0.14
1.5 2.4/2.0 27.97 −17.44 2.18 2.24 −1.16 −0.05 −0.05
1.5 2.8/2.0 27.97 −16.77 2.18 2.24 −1.78 −0.08 −0.05
1.7 1.8/2.0 35.93 −25.50 4.20 4.54 −0.22 0.01 −0.07
1.7 2.0/2.0 35.93 −24.93 4.20 4.54 −0.45 −0.02 −0.08
1.7 2.0/2.5 35.93 −24.93 5.36 5.40 −0.46 −0.06 −0.31
1.7 2.4/2.0 35.93 −23.64 4.20 4.54 −1.11 −0.07 −0.08
1.7 2.8/2.0 35.93 −22.51 4.20 4.54 −2.08 −0.12 −0.09

k = k1 − P/2 determines the argument k̂. As discussed
in Sec. II B, the antisymmetrized two-body interactions in
the first- and second-order terms are given by V (1)

as = (1 −
P12)Vlow k + V 3N/2 and V (2)

as = (1 − P12)Vlow k + V 3N, with
partial waves V

(1)
Sll′J = Vlow k,Sll′J + V 3N,Sll′J /4 and V

(2)
Sll′J =

Vlow k,Sll′J + V 3N,Sll′J /2.
We solve the Dyson equation, Eq. (28), self-consistently by

using the self-energies given by Eqs. (30) and (31). In Fig. 6,
we show the resulting effective mass at the Fermi surface,

m∗(kF)
m

=
(

m

k

dεk

dk

)−1 ∣∣∣∣
k=kF

. (32)

At the Hartree-Fock level, 3N contributions only change the
effective mass marginally. Including second-order contribu-
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FIG. 6. (Color online) Effective mass m∗(kF)/m at the Fermi
surface as a function of Fermi momentum kF in neutron matter.
Results for !/!3NF = 2.0 fm−1 are shown at the Hartree-Fock level,
plus second-order contributions, and based only on NN interactions
for comparison. At second order, the effective mass includes k-mass
and e-mass effects.

tions leads to the typical enhancement of the effective mass at
the Fermi surface, and we find a larger impact of 3N forces for
kF > 1.3 fm−1.

C. Second order: Energy per particle

We include the second-order contributions E
(2)
1 to E

(2)
4 of

Fig. 4, which are given by

E
(2)
NN+3N,eff = 1

4

[
4∏

i=1

Trσi

∫
dki

(2π )3

]
∣∣〈12|V (2)

as |34〉
∣∣2

× nk1nk2 (1 − nk3 )(1 − nk4 )
εk1 + εk2 − εk3 − εk4

(2π )3

× δ(k1 + k2 − k3 − k4). (33)

As in the second-order self-energy, the antisymmetrized two-
body interactions, when evaluating contributions beyond the
Hartree-Fock level, are given by V (2)

as = (1 − P12)Vlow k +
V 3N. The second-order calculations are carried out by using the
self-consistent single-particle energies determined by solving
the Dyson equation, Eq. (28), as discussed in Sec. III B, and
the intermediate-state phase-space integrations are performed
fully. By summing over the spins and by expanding in partial
waves, we have [25]

∑

S,MS,M ′
S

∣∣〈kSMS |V (2)
as |k′SM ′

S〉
∣∣2

=
∑

L

PL(cos θk,k′)
∑

J,l,l′,S

∑

J̃ ,̃l,̃l′

(4π )2i(l−l′+̃l−l̃′)(−1)l̃+l′+L

× CL0
l0̃l′0C

L0
l′0̃l0

√
(2l + 1)(2l′ + 1)(2̃l + 1)(2̃l′ + 1)

× (2J + 1)(2J̃ + 1)
{

l S J

J̃ L l̃′

} {
J S l′

l̃ L J̃

}

×〈k|V (2)
Sl′lJ |k′〉〈k′|V (2)

Sl̃ ′̃lJ̃
|k〉[1 − (−1)l+S+1]

× [1 − (−1)l̃+S+1], (34)
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• hard to automatize and generalize 

to higher order diagrams

• prone to mistakes 

Single-particle vector

representation:

One has for NN interactions 1, 3, 39, . . . Hugenholtz diagram(s) at second, third, fourth order, respectively,
and so on [122, 129]. Figure 6 shows these at second and third order; for the fourth-order diagrams we
refer to Ref. [130]. Below, we summarize the underlying analytic expressions up to fourth order, as this
is the highest order considered in the present thesis. They are expressed in the particle-hole formalism,
where only the particle (hole) states created above (below) the Fermi surface are considered (see, e.g.,
Ref. [118]). For brevity we define E(n)NN := E(n)

0
. In the following Sec. 1.3.2, we will discuss normal-ordering

and the inclusion of many-body forces at and beyond the Hartree-Fock level.

Energy relations up to second order

The energy contributions up to second order based on antisymmetrized NN interactionsA12VNN are given
by the following expressions (see also Refs. [43, 118, 119])

T
V
= +
X

i

hi|T |ii , (1.23)

E(1)NN

V
= +

1

2

X

i j

hi j|A12VNN|i ji , (1.24)

E(2)NN

V
= +

1

4

X

i j
ab

hi j|A12VNN|abi hab|A12VNN|i ji
Di jab

. (1.25)

Equation (1.25) is associated with diagram (a) in Fig. 6. We use the short-hand notation for the single-
particle states |ii = |ki�i⌧ii, having the momentum ki, the spin and isospin projections �i = ±

1

2
and

⌧i = ±
1

2
, respectively. Furthermore, particles are labeled by a, b, . . . and holes by i, j, . . ., so the sums

transform into, e.g.,

X

a

�!

X

�a⌧a

Z
dka

(2⇡)3
Ä
1� n⌧a

ka

ä
, and

X

i

�!

X

�i⌧i

Z
dki

(2⇡)3
n⌧i

ki
, (1.26)

where n⌧i
ki

is the Heaviside step function. Intermediate states beyond first order are weighted in terms of
the single-particle energies,

Di jk...abc... = "ki + "k j + "kk
+ . . .� "ka � "kb

� "kc � . . . . (1.27)

The trivial partition in Eq. (1.15), H0 = T and H1 = V , corresponds to the free spectrum with "ki =
k2

i /(2m), whereas H0 = T + VHF and H1 = V � VHF adds first-order self-energy corrections to the kinetic
energy, called Hartree-Fock spectrum. Due to translational invariance, both, the kinetic-energy operator
T and the Hartree-Fock potential VHF are diagonal in the plane-wave basis (see also Ref. [121]). We
have thus the second-quantized Fock operator H0 =

P
i j fi j a†

j ai with fi j = �i j "i and the single-particle
energies

"i =
k2

i

2m
+
X

j

hi j |A12VNN | i ji . (1.28)

In our calculations, we average Eq. (1.28) over spin as well as isospin quantum numbers. The two
employed spectra lead to the same Hartree-Fock energy, i.e., the sum of all zero- and first-order terms.
Adding 3N contributions to Eq. (1.28) will be addressed in Sec. 1.3.2.

20 1.3 Infinite nuclear matter

• each diagram just a few lines 
of code

• straightforward to automatize 
code generation

• adaptive evaluation of integrals 
using Monte-Carlo techniques

• allows inclusion of 3N 
contributions without normal 
ordering

e.g., KH, Schwenk
PRC 82, 014314 (2013)



High-order calculations of nuclear matter

• state-of-the-art NN plus 3N interactions exhibit a systematic trend for 
saturation point (similar to Coester line)

• first incorporation of saturation properties in fits of 3N interactions

2

FIG. 1. (Color online) Energy per particle of neutron mat-
ter (top row) and symmetric nuclear matter (bottom row)
based on the Hebeler+ [16] and NNLOsim [6] NN and 3N
interactions (columns). Results are shown for �/⇤3N for the
interactions of Ref. [16] and ⇤NN = ⇤3N for those of Ref. [6].
For symmetric matter, the gray box denotes the saturation re-
gion, n0 = 0.164± 0.007 fm�3 and E/A = �15.86± 0.57MeV.
We also give the calculated range for the symmetry energy
Esym and its slope parameter L at n0 = 0.16 fm�3 (indicated
by the dashed vertical line).

Specifically, in this first application, we consider all con-
tributions from NN interactions up to fourth order in
MBPT (around the Hartree-Fock reference state). Contri-
butions from 3N interactions are included exactly up to
second order, including residual 3N-3N terms, which have
only been evaluated so far for contact interactions [44].
At third order, we neglect all terms that involve at least
one residual 3N contribution, whereas at fourth order we
neglect all 3N contributions. These contributions turn out
to be smaller (see discussion below). This amounts to 4,
20 = 3 ·23�4, and 24 = 39�15 diagrams at second, third,
and fourth order, respectively, with up to 21-dimensional
momentum integrals per diagram. The number of dia-
grams at third (fourth) order can be reduced by 4 (15) at
zero temperature. In comparison, a full calculation would
involve 39 · 24 = 624 fourth-order diagrams. We also eval-
uate the 4N Hartree-Fock energy, but it is generally small,
in agreement with Ref. [18].
We assess the numerical convergence of the integra-

tion by varying the number of sampling points as well as
employing two di↵erent Monte-Carlo algorithms [28], in

FIG. 2. (Color online) Correlation between the calculated
saturation density n0 and saturation energy E/A for the
Hebeler+ [16] and NNLOsim [6] NN and 3N interactions ob-
tained at second, third, and fourth order in MBPT. The values
of �/⇤3N and ⇤NN = ⇤3N, as well as the saturation region are
as in Fig. 1. The diamond refers to the NNLOsat result [1].

addition to the variance as statistical uncertainty. The
framework is remarkably e�cient due to performance opti-
mization and parallelization. Most diagrams up to fourth
order can be evaluated within about 10 minutes to a
precision of . 10 keV. The precise evaluation of a few
specific third-order diagrams involving three 3N interac-
tions requires more time due to the higher dimensionality
of the momentum integrals. However, the strength of the
present Monte-Carlo approach is that the precision can be
controlled in a systematic way using the uncertainty esti-
mates, as short runtimes are important when optimizing
nuclear interactions. For this purpose, one could start con-
straining a fit with lower accuracy around the saturation
point and then successively become more accurate.
Results for nuclear matter.– In Fig. 1 we present re-

sults for the energy per particle in symmetric nuclear
matter and neutron matter based on the Hebeler+ [16]
and NNLOsim [6] NN and 3N interactions up to fourth
order in MBPT. For symmetric matter we show the em-
pirical saturation region by a box with boundaries n0 =
0.164± 0.007 fm�3 and E/A = �15.86± 0.37± 0.2MeV
where the first uncertainties are as in Ref. [22] and we add
an additional 0.2MeV from Ref. [45]. In addition, we give
results for symmetry energy range Esym = E/N � E/A
as well as its slope parameter L = 3n0@nEsym at n0 =
0.16 fm�3. Both are predicted with narrow ranges.
The Hebeler+ interactions were obtained by a simi-

larity renormalization group evolution [46] of the N3LO
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addition to the variance as statistical uncertainty. The
framework is remarkably e�cient due to performance opti-
mization and parallelization. Most diagrams up to fourth
order can be evaluated within about 10 minutes to a
precision of . 10 keV. The precise evaluation of a few
specific third-order diagrams involving three 3N interac-
tions requires more time due to the higher dimensionality
of the momentum integrals. However, the strength of the
present Monte-Carlo approach is that the precision can be
controlled in a systematic way using the uncertainty esti-
mates, as short runtimes are important when optimizing
nuclear interactions. For this purpose, one could start con-
straining a fit with lower accuracy around the saturation
point and then successively become more accurate.
Results for nuclear matter.– In Fig. 1 we present re-

sults for the energy per particle in symmetric nuclear
matter and neutron matter based on the Hebeler+ [16]
and NNLOsim [6] NN and 3N interactions up to fourth
order in MBPT. For symmetric matter we show the em-
pirical saturation region by a box with boundaries n0 =
0.164± 0.007 fm�3 and E/A = �15.86± 0.37± 0.2MeV
where the first uncertainties are as in Ref. [22] and we add
an additional 0.2MeV from Ref. [45]. In addition, we give
results for symmetry energy range Esym = E/N � E/A
as well as its slope parameter L = 3n0@nEsym at n0 =
0.16 fm�3. Both are predicted with narrow ranges.
The Hebeler+ interactions were obtained by a simi-

larity renormalization group evolution [46] of the N3LO

Drischler et al.,
PRL 122, 042501(2019)



Uncertainty estimates from EFT truncation

• uncertainty bands determined from chiral EFT order-by-order calculations
Epelbaum et al., EPJA 51, 53 (2015)

• uncertainty estimates validated by a Bayesian analysis Drischler et al., PRL 125, 20 (2020)
Drischler et al., PRC 102, 054315 (2020)



Asymmetric nuclear matter EOS
• microscopic framework to 
calculate equation of state for 
general proton fractions

• uncertainty bands determined 
by set of 7 Hamiltonians

Drischler, KH, Schwenk,
PRC 054314 (2016)

x =
np

np + nn

• many-body framework allows 
treatment of general 
3N interaction



High-density constraints for the EOS
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Leonhardt et al., PRL 125,142502 (2020)

constraining EOS at high densities by calculations or astrophysical observations

symmetric nuclear matter

KH, Lattimer, Pethick, Schwenk, ApJ 773, 11 (2013)

Greif et al., MNRAS 485, 5363 (2019)

• QCD-functional renormalization 
group equation calculations

• encouraging consistency with chiral 
EFT results at low densities



CONTENTS

I. Supranuclear Density Matter 3
A. Introduction 3
B. The nature of matter: Major open questions 3
C. Methodology: How neutron star mass and radius

specify the EOS 4
D. Current observational constraints on the

cold dense EOS 6
E. Future observational constraints on the cold dense EOS 8

II. Hard X-ray Timing Techniques that Deliver M and R 8
A. Waveform modeling 9

1. Factors affecting the waveform 9
2. Spacetime of spinning neutron stars 10
3. Inversion: From waveform to M and R 10
4. Instrument requirements and observing strategy 11

B. Spin measurements 12
1. Rapid rotation 12
2. Spin distribution and evolution 14

C. Asteroseismology 14
III. Summary 16
Acknowledgments 16
References 16

I. SUPRANUCLEAR DENSITY MATTER

A. Introduction

Neutron stars are the densest observable objects in the
Universe, attaining physical conditions of matter that cannot
be replicated on Earth. Inside neutron stars, the state of matter
ranges from ions (nuclei) embedded in a sea of electrons at
low densities in the outer crust, through increasingly neutron-
rich ions in the inner crust and outer core, to the supranuclear
densities reached in the center, where particles are squeezed
together more tightly than in atomic nuclei, and theory
predicts a host of possible exotic states of matter (Fig. 1).
The nature of matter at such densities is one of the great
unsolved problems in modern science, and this makes neutron
stars unparalleled laboratories for nuclear physics and quan-
tum chromodynamics (QCD) under extreme conditions.
The most fundamental macroscopic diagnostic of dense

matter is the pressure-density-temperature relation of bulk
matter, the equation of state (EOS). The EOS can be used to
infer key aspects of the microphysics, such as the role of
many-body interactions at nuclear densities or the presence of
deconfined quarks at high densities (Sec. I.B). Measuring the
EOS of supranuclear density matter is therefore of major
importance to nuclear physics. However, it is also critical to
astrophysics. The dense matter EOS is clearly central to
understanding the powerful, violent, and enigmatic objects
that are neutron stars. However, neutron star–neutron star and
neutron star–black hole binary inspiral and merger, prime
sources of gravitational waves and the likely engines of short
gamma-ray bursts (Nakar, 2007) also depend sensitively on
the EOS (Shibata and Taniguchi, 2011; Bauswein et al., 2012;
Faber and Rasio, 2012; Lackey et al., 2012; Takami, Rezzolla,
and Baiotti, 2014). The EOS affects merger dynamics, black
hole formation time scales, the precise gravitational wave and
neutrino signals, any associated mass loss and r-process
nucleosynthesis, and the attendant gamma-ray bursts and

optical flashes (Metzger et al., 2010; Hotokezaka et al.,
2011; Kumar and Zhang, 2015; Rosswog, 2015). The EOS
of dense matter is also vital to understanding core collapse
supernova explosions and their associated gravitational wave
and neutrino emission (Janka et al., 2007).1

B. The nature of matter: Major open questions

The properties of neutron stars, like those of atomic nuclei,
depend crucially on the interactions between protons and
neutrons (nucleons) governed by the strong force. This is
evident from the seminal work of Oppenheimer and Volkoff
(1939), which showed that the maximal mass of neutron stars
consisting of noninteracting neutrons is 0.7M⊙. To stabilize
heavier neutron stars, as realized in nature, requires repulsive
interactions between nucleons, which set in with increasing
density. At low energies, and thus low densities, the inter-
actions between nucleons are attractive, as they have to be to
bind neutrons and protons into nuclei. However, to prevent
nuclei from collapsing, repulsive two-nucleon and three-
nucleon interactions set in at higher momenta and densities.
Because neutron stars reach densities exceeding those in
atomic nuclei, this makes them particularly sensitive to
many-body forces (Akmal, Pandharipande, and Ravenhall,
1998), and recently it was shown that the dominant uncer-
tainty at nuclear densities is due to three-nucleon forces
(Hebeler et al., 2010; Gandolfi, Carlson, and Reddy, 2012).

FIG. 1. Schematic structure of a neutron star. The outer layer is a
solid ionic crust supported by electron degeneracy pressure.
Neutrons begin to leak out of ions (nuclei) at densities
∼4 × 1011 g=cm3 (the neutron drip density, which separates
the inner from the outer crust), where neutron degeneracy also
starts to play a role. At densities ∼2 × 1014 g=cm3, the nuclei
dissolve completely. This marks the crust-core boundary. In the
core, densities reach several times the nuclear saturation density
ρsat ¼ 2.8 × 1014 g=cm3 (see text).

1Note that while most neutron stars, even during the binary
inspiral phase, can be described by the cold EOS that is the focus of
this Colloquium (see Sec. I.C), temperature corrections must be
applied when describing either newborn neutron stars in the
immediate aftermath of a supernova or the hot differentially rotating
remnants that may survive for a short period of time following a
compact object merger. The cold and hot EOS must of course connect
and be consistent with one another.

Anna L. Watts et al.: Colloquium: Measuring the neutron star …
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The equation of state of high-density matter:
constraints from neutron star observations

companionwith awell-determinedmass of 0.20M◉
(15) that appears to be hot (10), suggesting that its
envelope is thick. For this reason, we base the
WD mass estimate on cooling tracks with thick
hydrogen atmospheres for masses up to 0.2M◉,
which we constructed by using the MESA stellar
evolution code (8, 16). Initial models were built
for masses identical to the ones in (11), for which
previous comparisons have yielded good agree-
ment with observations (14), with the addition
of tracks with 0.175 and 0.185 M◉ for finer
coverage (Fig. 2). For masses up to 0.169M◉, our
models show excellent agreement with (11);
however, our 0.196 M◉ model is quite different,
because it has a thick envelope instead of a thin
one. Being closer to the constraints for the WD
companion to PSR J0348+0432, it yields a more
conservative mass constraint, MWD = 0.165 to
0.185 at 99.73% confidence (Fig. 3 and Table 1),
which we adopt. The corresponding radius is
RWD = 0.046 to 0.092 R◉ at 99.73% confidence.
Our models yield a cooling age of tcool ∼ 2 Gy.

Pulsar Mass
The derived WD mass and the observed mass
ratio q imply a NSmass in the range from 1.97 to
2.05M◉ at 68.27% or 1.90 to 2.18M◉ at 99.73%
confidence. Hence, PSR J0348+0432 is only the
second NS with a precisely determined mass
around 2M◉, after PSR J1614−2230 (2). It has a
3-s lower mass limit 0.05M◉ higher than the latter
and therefore provides a verification, using a dif-
ferent method, of the constraints on the EOS of
superdense matter present in NS interiors (2, 17).
For these masses and the known orbital period,
GR predicts that the orbital period should decrease

at the rate of P
:GR
b ¼ ð−2:58þ0:07

−0:11 Þ % 10−13 s s−1

(68.27%confidence) because of energy loss through
GW emission.

Radio Observations
Since April 2011, we have been observing PSR
J0348+0432 with the 1.4-GHz receiver of the
305-m radio telescope at the Arecibo Observatory
by using its four wide-band pulsar processors (18).
In order to verify the Arecibo data, we have been
independently timing PSR J0348+0432 at 1.4 GHz
by using the 100-m radio telescope in Effelsberg,
Germany. The two timing data sets produce con-
sistent rotational models, providing added con-
fidence in both. Combining the Arecibo and
Effelsberg data with the initial GBTobservations
(7), we derived the timing solution presented in
Table 1. To match the arrival times, the solution
requires a significant measurement of orbital de-
cay, P

:
b ¼ −2:73 % 10−13 T 0:45% 10−13 s s−1

(68.27% confidence).
The total proper motion and distance estimate

(Table 1) allowed us to calculate the kinematic
corrections to P

:
b from its motion in the Galaxy,

plus any contribution from possible variations of
G: dP

:
b ¼ 0:016% 10−13 T 0:003% 10−13 s s−1.

This is negligible compared to the measurement
uncertainty. Similarly, the small rate of rotational
energy loss of the pulsar (Table 1) excludes any
substantial contamination resulting frommass loss
from the system; furthermore, we can exclude
substantial contributions to P

:
b from tidal effects

[see (8) for details]. Therefore, the observedP
:
b is

caused by GW emission, and its magnitude is
entirely consistent with the one predicted by GR:
P
:
b=P

:GR
b ¼ 1:05 T 0:18 (Fig. 3).

If we assume that GR is the correct theory of
gravity, we can then derive the component masses
from the intersection of the regions allowed by
q and P

:
b (Fig. 3): MWD ¼ 0:177þ0:017

−0:018 M◉ and
MPSR ¼ 2:07þ0:20

−0:21 M◉ (68.27% confidence). These
values are not too constraining yet. However, the
uncertainty of the measurement of P

:
b decreases

with T baseline
−5/2 (where Tbaseline is the timing base-

line); therefore, this method will yield very precise
mass measurements within a couple of years.

Discussion

PSR J0348+0432 as a Testbed for Gravity
There are strong arguments for GR not to be valid
beyond a (yet unknown) critical point, like its
incompatibility with quantum theory and its pre-
diction of the formation of spacetime singularities.
Therefore, it remains an open question whether
GR is the final description of macroscopic gravity.
This strongly motivates testing gravity regimes
that have not been tested before, in particular
regimes where gravity is strong and highly non-
linear. Presently, binary pulsars provide the best
high-precision experiments to probe strong-field
deviations from GR and the best tests of the
radiative properties of gravity (19–23). The orbital
period of PSR J0348+0432 is only 15 s longer
than that of the double pulsar system PSR J0737–
3039, but it has ∼two times more fractional grav-
itational binding energy than each of the double-
pulsar NSs. This places it far outside the presently
tested binding energy range (Fig. 4A) (8). Be-
cause the magnitude of strong-field effects gener-
ally depends nonlinearly on the binding energy,
the measurement of orbital decay transforms the

Fig. 3. System masses and
orbital-inclination constraints.
Constraints on system masses and
orbital inclination from radio and
optical measurements of PSR
J0348+0432 and its WD compan-
ion. Each triplet of curves corre-
sponds to the most likely value
and standard deviations (68.27%
confidence) of the respective pa-
rameters. Of these, two (q and MWD)
are independent of specific gravity
theories (in black). The contours
contain the 68.27 and 95.45% of
the two-dimensional probability
distribution. The constraints from
the measured intrinsic orbital decay
(P
:
b
int, in orange) are calculated as-

suming that GR is the correct theory
of gravity. All curves intersect in
the same region, meaning that
GR passes this radiative test (8).
(Bottom left) cosi-MWD plane. The
gray region is excluded by the con-
dition MPSR > 0. (Bottom right)
MPSR-MWD plane. The gray region
is excluded by the condition sini ≤ 1. The lateral graphs depict the one-dimensional probability-distribution function for the WD mass (right), pulsar mass
(top right), and inclination (top left) based on the mass function, MWD, and q.
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Demorest et al., Nature 467, 1081 (2010)
Antoniadis et al., Science 340, 448 (2013)
Cromartie et al., Nature Astron. 4, 72 (2020)

• observation of heavy neutron stars

• detection of gravitational waves from neutron star merger event

• radius measurements from pulsar x-ray timing
Watts et al., RMP 88, 021001 (2016)
Riley at al., APJL 887, 21 (2019)
Raaijmakers et al.,  APJL 887, 22 (2019)

Abbott et al., PRL 119, 161101 (2017)

http://www.stellarcoolapse.org/nsmasses


Constraints on neutron star radii

Raaijmakers et al.,  APJL 887, 22 (2019)

constraints on EOS and NS radii from first NICER observations: 

additionally incorporating constraints from LIGO and mass measurements:

Constraints on EOS at supranuclear densities from observation not 
very constraining yet. New measurements presently in progress.



Neutron matter at finite temperature

Jonas Keller

• calculations based on a set of state-of-the-art NN plus 3N interactions

Keller et al.,
arXiv:2011.05855 (2020)

• order-by-order results in chiral expansion and resulting uncertainty estimates



Neutron matter at 
finite temperature
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Thermal contributions and thermal index



• generalisation of framework to general isospin-asymmetric matter

• optimisation of 3N handling for increased accuracy of calculations

• high-density QCD calculations for neutron-rich matter                            
(J. Braun’s group, TU Darmstadt)         combination with chiral EFT results

Further steps

Discussion points

• How to include uncertainty bands in COMPOSE files?

• Additional observables of interest for astrophysical applications?


